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A Coevolutionary process

Algorithm 4: Coevolutionary Process

1 Require: Population size A € N and search spaces X and ).
2 Require: Initial populations Py € X and Qo € Y.
3 for each generation number t € No do
4 for each interaction number i € [A] do
Sample an interaction (z,y) ~ D(P:, Q+);
L Set Pit1(i) := x and Q¢+1(i) :=y;

o w

B Helper Lemmas

Theorem 3 ([23]). Let X1, ..., X, be independent Poisson trials such that, for
1 <i<n, PriX;=1] = p;, where 0 < p; < 1. Then, for X := > | X;, and
any ¢ € (0,1),

SPE[X
PriX < (1-90)E[X]] <exp (— 2[ ]>
Lemma 5. Leta>1,0>1,0<2<1,0<y<1,0<ec<1,zy<c. Let
flz,y) =(a—(a—=1)x)(b— (b—1)y). The minimum of f(x,y) with respect to x
and y is

L(1-ab-1+1ifa>b
2. (1-c)(a—1)+1ifb>a

Proof. Note that (a—(a—1)z)(b—(b—1)y) = ab(1—(a—1)x/a)(1—(b—1)y/b).
Therefore, the minimum of (a — (a — 1)x)(b— (b— 1)y) is attained by the same
and y as (1 — (a — D)z/a)(1 — (b—1)y/b), since a,b > 1. Let a:= (a —1)/a >0
and 8:=(b—1)/b>0.

Now we show that the minimum is attained with xy = ¢ by contradiction.
Assume that the minimum is attained for some xq, yo with zgyo < c¢. For any x;
y1 with 197 = c there exists an € > 0 such that either 1 > a9 +¢, y1 > yo + ¢
or both. For simplicity lets assume that there exist a ©1 = zg + ¢ and yg = 1.
Then,

(1 = ax)(1 = By1) = (1 = alzo +¢))(1 = By1) < (1 = alzo))(1 = Byo),

which contradicts the statement that the minimum is attained for zgyg < c.
Since the minimum is attained by xy = ¢ then z,y > c and

argmin {(1 — ax)(1 — By)} = argmin {1 — ax — By + caf} = argmax {ax + By}.

T,y T,y z,y
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Now, we find the extrema of ax + Sy. Given that xy = ¢ then y = ¢/x and

ar + By = azr + @
x
Let g(z) = ax + %, then ¢'(z) = a — % and the extrema are found where

g'(x) = 0. These are attained for x = + % x > 0 by assumption, therefore

23

Hence, the maximum of ax + By is either z =1 and y =cor x = cand y = 1.
Substituting these values of z and y in the original function f(z,y) = (a —

(a—1)x)(b— (b—1)y) we can see that if a > b, x =1 y = ¢ gives the minimum

and x = ¢ y = 1 gives the minimum otherwise.

the only extremum is z = \/% and since ¢”(x) = 28¢ > 0 it is a minimum.

C Omitted Lemmas and Proofs

This appendix contains the lemmas and proofs omitted from the main part.

Theorem 4 (Adapted from [18]). Given subsets A; C X, B; C Y for
J € [m], define T := min{t | (P; X Q) N (A, X By,) # 0}, where for all t € N,
P, € X* and Q; € Y are the populations of Algom'thm@ in generation t. If there
exist z1,...,2m-1,0 € (0,1], and vo € (0,1) such that for initial populations
|(Py x Qo) N (A1 x By)| > Y2, and for any populations P € X* and Q € Y*
with “current level” j := max{i € [m] | |(P x Q) N (Ai x B;)| > v0\?}

(G1) ifj € [m—1] and (z,y) ~ D(P,Q) Pr[z € Aj1]Prly € Bj1] = 2,
(G2a) i/ j € [m— 2] and all v € (0,5) if |(P x Q)N (A1 x Byn)| = 732,
then for (z,y) ~ D(P,Q), Prlw € Aj 1] Prly € Byya] = (1+0)7,
(G2b) if j € m—1] and (z,y) ~ D(P,Q), Pr(z € Aj]Prly € B;] > (14 )0,
(G3) and the population size A € N satisfies for a sufficiently large constant ¢,

where z, := Min;epy,_1] 2, A > ¢’ log(m/z.),

then for a constant ¢’ > 0 and any constant r > 0,

T>d </\2m+mz_:11/zi>] <1/r

i=1

Pr

If condition (G2a) is met for j = m — 1, then for T' := min{t | (P X Q¢) N
(A X By) > 7002}, a constant ¢ > 0 and any constant v > 0,

m—1
T > ¢ <)\2m+ Z 1/%)] < 1/T.

i=1

Pr

To prove Theorem [4] we need a slightly adapted proof of the level-based
theorem shown in the supplementary material of [18].



20 M. A. Hevia Fajardo and P. K. Lehre

The last part of the original proof of the level-based theorem considers mul-
tiple phases. Each phase starts from an arbitrary configuration within the search
space X x ) and ends after a fixed number of generations with a certain probabil-
ity of not finding the optimum within the phase. The overall runtime is obtained
by computing the expected number of phases (+1).

In our case we assume A; X By # X x ) therefore if the first phase does not
find the optimum we cannot restart the analysis from an arbitrary configuration.
Therefore, in Theorem [] we state the runtime as a tail-bound rather than an
upper bound on the expected runtime.

In addition, the original proof in the supplementary material of [I8] assumed
that (G2a) is met for j = m — 1, since it only bounded the first time ((P; x
Q1) N (A, X Byy)) # 0. If this is not assumed but instead is a condition of the
theorem then we can also show the first time ((P; x Q¢) N (A, X By)) > 70A2.

Finally, in [I8] the level-based theorem assumes that each generation uses
only X evaluations. Theorem [4] drops this assumption and only bounds the num-
ber of generations.

Lemma 1. Let r1 < On, fn < ro, s < an, an < s with fn —r1 = ro — On
and an — so = s1 —an. Let € > 0 be a constant. Let x and y be the offspring
created in Lines and of Algorithm [1| with k = £ = 2, and 7 be the
probability of not flipping a bit during mutation. If vi,v3,wy, w3 > 1 — % +

e and there exist constants §,8' > 0 such that W{Syﬂ/ﬁ)a < 7“(20) < 1,

then, for all v € (0,8'/2] any population with P € X* and Q € Y with
|(P x Q)N (A(r1,m2) x B(s2,81))| > v\? guarantees that

Priz € A(r1,7m2)]Prly € B(s2,s1))] = (14 0)7.

Proof (Proof of. First, we compute the probability that the algorithm
selects a parent from P; in the level A(ry,72) and later deal with B(ss, s1). By
Lemma 3.2 in [I2] the following conditions (probabilities in parenthesis) result
in selecting a parent from P; in the level A(ry,79):

— Both individuals are sampled in Ry (p?).
— The two individuals are sampled in Ry and R; (2pop). Additionally:
e The two competitors have |ly|| < an and |ly|| > an (2wiws).
e The two competitors have |ly|| = an and |ly|| > an (2waws).
e Both competitors have ||y|| > an (w3).
— The two individuals are sampled in Ry and Rz (2p(1—p—pp)). Additionally:
e The two competitors have ||y|| < an and ||y|| = an (2wiws).
e The two competitors have ||y|| < an and ||y|| > an (2wiws).
e Both competitors have ||y|| < an (w?).

We note that we omitted some conditions, but since we are interested in a lower
bound for the probability of selecting a parent in level A(rq,r2) this is not a
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problem. Putting everything together we obtain:
pset(A(r1,m2)) > p* + 2pop (2wiws + w] + 2wows)
+2p(1 —p — po) (Wi + 2wiws + 2wiws)
= p% + 2pop (w3 (2w1 + 2ws + w3))
+2p(1 — p — po) (w1 (w1 + 2wz + 2ws))
=p® + 2pop (ws(1 4+ w1 + w2))
+2p(1 —p —po) (w1 (1 + w2 + ws3))
=p(p+ 2pows(2 —ws) + 2(1 — p — po)w1 (2 — w1))
=p (p+po (4ws — 2w3) + (1 — p—po) (4wr — 2u?))

By assumption both w; > 1 — % +eand wy >1— % + ¢, therefore

Dsel (A(Tl ) TQ))

Zp<p+(po+(1—p—po)) (4(1—\}5+5> —2<1—\}§+€)2)>
=p(p+1-p) (1+2v2 - 2:2))

11
We note that 0 < € < VoL
all possible € and

Pea(Alr1,12) = p (p+ (1=p) (1+ (14+v2) ¢))
Let K : =1+ (1 + \/5) ¢ for simplicity.

Pset(A(r1,72)) > p(p+ K(1 —p)) =p(k— (k= 1)p)

Using the same arguments for pse;(B(s2,s1)) we can obtain

psel(B(327 51)) >q (’i - (K - 1)‘]) .

otherwise wy + w3 > 1. Then (ﬁ— 1)e > 2¢2 for

Now,
Prlx € A(r1,72)] Prly € B(s2,51))]
Z DPsel (A(’f’l, 7AZ))psel (3(527 81))7’(20)
> pg (k= (k= 1)p) (K — (K — 1)g) 1y,

Now assume that 0 < pg < ¢, we will deal with pg > ¢’ later. Under this
restriction by Lemma [5| the minimum value of (k — (k — 1)p) (k — (k — 1)q) is
14 (1—9¢)(k—1), hence

Prix € A(ri,7m2)] Prly € B(s2,51))]
> Psel(A(ﬁ» r2))psel(B(827 31))T(20)
>pg(1+ (1 -0 (k= 1)1y,
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By the assumptions on 7‘(20) and pg > ~ this is at least (14 6)~, proving the claim
for 0 < pg < ¢'.

We note that 1 4+ (1 — ¢')(k — 1) > 1 because k > 1 and ¢’ < 1 to fulfill
the requirement for 1"(20) < 1. If pg > ¢ we pessimistically assume that 1 +

(1 =¢)(k —1) = 1. We note that since pg > v and v € (0,9’/2] there is an
8 — 8 /2 <& <1—~such that pg =+ ¢’. Then,

Prz € A(r1,72)]Prly € B(sz,s1))] > pqr(zo)

E./
= (15)

§—=40/2\ ,
= (10557 ) o
= 271"(20).

As before, by the assumptions on ’I”(QO) this is at least (1 + d)~.

C.1 Lemmas and proofs of Section

In the following lemmas we consider a different type of levels than in Lemma
where the restrictions on the archive are more lenient and the algorithm would
have the opportunity to encounter a diverse set of solutions to build a good
archive.

The new levels consider the whole search space for the prey (B(0,n)) and
for the predator all solutions with less than ro 1-bits (A(0,rz2)). The idea is that
an algorithm that starts at level A(0,n) and ends at a level A(0, fn — 1) would
encounter individuals in X that have less than fSn 1-bits and more than gn
1-bits, allowing it to build a good predator archive V. Figure [5| (b) shows these
levels.

Ry Ry Rs Ry Ry Rs Ry R Rs
0 v By, n 0 Bn n 0 Bn n
n - n L n L -
SO q SO q SO ‘0
S1 v q Sy q S1 q
1-qg—q 1-qg—q 1-q—q
52 2 2
0 032 0
Po P 1-p—po Po P 1-p—po Po P 1-p—po
(a) (b) (c)

Fig.5: Levels for Lemma (a), Lemma@ (b) and Lemma|7| (c) on BILINEAR.

Lemma [6] shows that for these levels there are no conditions for the predator
archive V' and the conditions for the prey archive W and r (o) are easier to meet
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than in Lemma (I} For example, for w; = wy = 1/2 7y > 0.58 meets the
conditions.

Lemma 6. Let x and y be the offspring created in Lines and [20 of Algo-
rithm [1| with k = ¢ = 2. If there are constants 6,0’ > 0 such that any of the
following conditions hold:

1. 11 =0,17192>0, s$9=0, sy =n, (1_5,)2(1”%1?“”24_10%/2) <ro <1 and

(a) w1 +wy =1,

(b) wi>1/2, or

(c) w <1/2 and wy > /1 —w? —wy,
2.r1=0,13>pn, s9=0, 51 =n, (176,)2(1”%:2"311”#10%/2) <71 <1 and

(a) wy + wo = 1,

(b) w? >1/2, or

(c) w? <1/2 and wa > \/2w? +1 —2w; > 1 — V2w,

Then, for all v € (0,8"/2] any population with P € X* and Q € Y* with
[(P x Q) N (A(r1,72) X B(s2,51))| > 7\?

Prlxz € A(r1,72)]Prly € B(s2,s1))] > (14 0)y

We note that Lemmalf] focuses on levels that cover the whole search space for
the population ) and all bit-strings with at most ry 1-bits for the population P.
Equivalent conditions can be proved if we rotate the levels in the search space.
That is if we consider all bit-strings with at least ro 1-bits for the population
P, or consider all the search space for the population P and all bit-strings with
at most/least s; 1-bits for the population ). Due to their similarities (in their
conditions and proofs) we omit these.

Proof (Proof of [Lemma 6)). Since s, = 0 and s; = n then B(sy,s1) = {0,1}"
and the probability Pr[y € B(s2,s1)] = 1. Therefore, we only need to bound
Pr [z € A(ry,72)] for both Conditions (1)) and (2). We start by proving the state-
ment for Condition (). By Lemma 3.2 in [12] the following conditions (proba-
bilities in parenthesis) result in selecting a parent from P; in the level A(rq,r2):

— Both individuals are sampled in Ry (p?).
— The two individuals are sampled in Ry and Rz (2p(1—p—pp)). Additionally:
e Both competitors have ||y|| < an (w?).
e The two competitors have ||y|| < an and ||y|| = an and the individual
in Ry is chosen u.a.r. in line [14] (wyws).
e Both competitors have ||y|| < an and the individual in R; is chosen

u.a.r. in line [14] (w3 /2).

Therefore,
2 2 w%
Dsel(A(r1,72)) > p* 4+ 2p(1 — p — po) (wl + wiws + > >

w2
:p<p—|—2(1—p) (w%—l—wlwg—l—;))



24 M. A. Hevia Fajardo and P. K. Lehre

Let W := w? +wywa + ng and recall that Pr [z € A(r1,72)] > pse(A(r1,72))7(0),
therefore,

Priz € A(ri,r2)] 2 p(p+2W(1 —p)) r)

Now assume that 0 < p < ¢, we will deal with p > ¢’ later. Thanks to the
Conditionsor 2W—1 > 0. Noting that p+2W (1—p) = 2W—-(2W —1)p,
it is clear that the minimum is attained for p = §’. Then,
Prlz e A(ry,r2)] > p (0" +2W (1 —4")) r(o)
> p(2W(1-8)) )
By the assumptions on r() and p > ~ this is at least (14 6)y.

For p > §’ we note that since p > v and v € (0,6/2] there is a §' — §'/2 <
g’ <1 —~ such that p = v+ ¢&’. Then,

Priz € A(r1,7r2)] Prly € B(s2,51))] > pr

<
=7 (1 + ) (0)
Y

8 — 62
2 (14557 o

= 277 (0)-

As before, by the assumptions on (g this is at least (1 +d)7.

To show the statement for Condition we note that since ro > fn then the
algorithm always selects a parent in A(ry,r9) if the two individuals are sampled
in Ry and Ry and the two competitors have ||y|| < an and |ly|| = an. Hence,

U}2
pset(A(r1,m2)) > p* +2p(1 — p — po) (wf + 2wiwy + ;)

w2
=p <p+2(1 —-p) (‘wf + 2wywy + ;))

Using the same arguments as before, but using

146
(1 —-6)2 (w? + 2wiwse +w3/2)’

(o) =

we obtain the claimed results for Condition (2).

The previous sequence of levels were meant to allow Algorithm [I] build a
diverse predator archive V. Once this is achieved now the same process needs to
happen for the prey archive W. Since we now assume that the predator archive V'
is diverse, the prey population @) should move towards the maximin-optima, that
is the solutions will tend towards solutions with an 1-bits. Therefore, the levels
consider the whole search space for the predator (A(0,n)) and for the prey the
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level include all solutions around the optima (A(s1,s2) with an —so = s1 — an)
(see Figure 5| (c)).

Note that Lemma [7] also considers levels for the predator population P that
are not the whole search space. Although we do not need them in the following
proofs, we leave this as this extension is not difficult to prove and may be of
interest.

Lemma 7. Let x and y be the offspring created in Lines and of Algo-
rithm [1] with k = ¢ = 2. If there are constants €,6,8' > 0 such that any of the
following conditions hold:

1. 11 =0,713 >0, s9 < an, s; > an with an — sy = §1 — an, vlzl—%—i—a,

vy > 1 — % + ¢, max { 20 149 <

w2
1+(1-6") min{2<w%+w1w2+72> —1,(1+\/§)a}

2

7"(20) <1 and

(a) wy +wy =1,

(b) wi >1/2, or

(c) w? <1/2 and we > /1 —w} —w

2. r1=0,1r9 > fn, so < an, s1 > an with an — ss = s1 —an, vy 21—%—}—5,

1+5 1+5 <

U321_%+€,ma}( 5 3
1+(1—5')min{2<wf+2w1w2+%)—1,(1+\/§)a}

7“(20) <1 and

(a) wi +wy =1 or

(b) w?>1/2 or

(c) w? < 1/2 and wy > \/2w? + 1 —2w; > 1 — /2w,
Then, for all v € (0,6'/2] any population with P € X* and Q € Y* with
[(Px Q)N (A(r1,72) x B(s2,51))| > yA\?

Priz € A(r1,m2)]Prly € B(sz2,51))] > (1 +9)y.

As in Lemmal[6] we note that the results of Lemmal[7] can be proved for levels
rotated in the search space, but we omit these here to avoid repetitive conditions.

Proof (Proof of . Given that the conditions in the Lemma are a com-
bination of the conditions of Lemmas [I] and [6] this proof follows their proofs

closely. We start by proving the statement for Condition (1)).
2
a E the probability of

Let W = w} + wiwy + % From the proof of Lemm
creating an offspring in A(ry,r9) is:

Priz € A(ri,m2)] = p(p+2W(1 —p))r(o)

Similarly, from the proof of Lemma [I| the probability of creating an offspring in
B(sg,s1) is:

Prly € B(s2,51)] > ¢ (1 + (1 + \/5) e(1-— q)) 7(0)-
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Then,
Prlz € A(ri,r2)] Prly € B(sz,51))]
> pq(p+2W (1L —p)) (1 + (1 + \/5) e(l- Q)) r%0)
=pg(2W = 2W = 1)) (1+ (14 V2) e = (1+v2) 29)) 1.

Thanks to the Conditions or E 2W > 1. Now assume that 0 < pq < §’,
we will deal with pg > ¢’ later. By Lemmawith a=2W,b=1+ (1 + \/5) €
and ¢ = ¢’ we obtain that

Prlz € A(r1,m2)] Prly € B(s2,51))]
> qu(QO) (1 + (1 —¢') min {QW -1, (1 + \/5) E}) .
By the assumptions on T%o) and pg > v this is at least (1 + d)7.

For pq > ¢’ we note that since pg > v and v € (0, ' /2] there is an §' —§'/2 <
¢’ <1 — v such that pg = v + ¢’. Then,

Prz € A(r1,72)]Prly € B(sz,$1))] > pqr(QO)

8/
(%)

§y=48/2\ ,
= (10557 ) o
= 277"(20).

As before, by the assumptions on r(QO) this is at least (1 4 0)~.

2
For Condition we use W = w? + 2wywy + % and the rest of the proof
is the same as before.

Lemma 2. Let |V| and |W| be the size of the archives. Then, Algorithm[3 uses
at most (|[V|+ M)A+ (J[W|+ M)A evaluations to update the archive.

Proof (Proof of[Lemma J). Algorithm [3|needs to check that for every solution in
the current populations P there is at least one solution in V' that equally ranks
every solution in (. Therefore, in the worst case the algorithm computes g(z,y)
for all (x,y) € (VU P) x Q. This amounts to (||V|| + M)A evaluations.

Similarly, for @ and W in the worst case it needs (||| + A)A. Adding both
completes the proof.

Theorem 1. Let o, 8 € (0,1). Consider Algorithm [1| using Algorithm @ as
archive update scheme on BILINEAR, g. Define OPT := {(z,y) € (X x ) |
lz|l = Bn Ayl = an} and T := min{\?t | P, x Q; N OPT # 0}. Then if there
are constants 8,0 > 0 such that the probability r of the mutation operator is

at least
8(1+9) 6(1+9)
Tl U\ 6+ 1-0)(2-v2) [
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(1) > 0 is constant and for a sufficiently large constant c, clogn < A € poly (n)
then, it holds that E[T] = O(\*n).

Proof (Proof of . We divide the proof in three distinct phases and
we define the runtime of each phase as T for i € {1,2,3}. Phase 1 starts at

the beginning of the optimisation and ends the first generation the archive V'
contains two solutions x1,zs with ||z1]] < fn and ||z2| > Bn or the archive W
contains two solutions y1,y2 with ||y1|| < an and ||yz2|| > an. Phase 2 ends when
both the archive V' contains two solutions z1, 2 with ||z1|| < Bn and ||z2|| > Sn
and the archive W contains two solutions y1, y2 with ||y1]] < an and |lyz|| > an.
Finally Phase 3 ends when the algorithm creates a solution in OPT.

We note that if there exists a solution x with ||z| < Bn, ||z| = Bn or
lz]] > Bn in P; then for all t* > ¢ the archive Vi« contains a solution z with
lz|| < Bn, |z|]| = Bn or ||z|| > Bn respectively. The same is true for the archive
Wy« with solutions y with [|y|| < an, |ly|]| = an or ||y|| > an.

We start by computing the expected runtime of Phase 1 (7). We assume
that all solutions are in one quadrant of the search space, otherwise, V; and/or
Wy would meet the conditions to end the phase and 7™ = 1. Due to the
symmetry of the search space without loss of generality we also assume that all
solutions are in the third quadrant of the search space. Then, Vj contains exactly
one solution z with ||z|| > fn and W contains a solution y with ||y|]| < an.
If all solutions y € Qo have ||y|| = an, then in expectation we need to wait
t* :==1— (1 —r@)* = O(1) generations until a solution with [y > an or
llyll < an is generated by mutation and then W+ would contain a solution y
with ||ly|| < an or |ly|| > an. Again by the symmetry of the search space we can
assume that mutation creates y with only ||y|| < an.

Since, for all 0 < t < T™ TW; does not contain a solution y with ||y|| > an.
Then wy > 1/2, wy + wy = 1, resulting in w? + 2wjwe + w3 /2 > 7/8 and

146 _ 801+9)

(1—0)2 (w? + 2wrwy + w2/2) — 14(1—0') (10)

We aim to use the Level-Based Theorem to show that the algorithm will find
a solution in the fourth quadrant, which in turn would end Phase 1. We do not
consider the event that the algorithm creates a pair of solutions (z,y) € P; x Q4
in the first or second quadrant. Since we want an upper bound of E[T(l)] and

this event can only reduce T this does not affect our computations.

Let ALY, := A(0,n — i) and B\, := B(0,n) for i € [0,n(1 — §) + 1]. We will
use the sequence of levels (Agl) X B%l)), e (Agll()lfﬁ)+2 X Bfll()lfﬁ)w). By the
assumptions on (g, Equation @ and the discussion above showing that wy > 1
and w; + we = 1 the conditions on Lemma |§| hold for all v < §’/2 on all levels
(ASF)1 X Bﬁ)l) with i € [0,n(1 — B)]. Therefore, conditions (G2a) and (G2b) of
the Level-Based Theorem are met with o = §'/2.

A sufficient condition to create a solution in the next level (A§21 X BJ(-i_)l) is

to select a solution in the current level (Ag-l) X B](»l)) and flip exactly one 1-bit.
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The probability of selecting a solution in the current level (Ag-l) x B (1)) is at least
o = ¢’ /2 by definition and the probability of flipping exactly one 1-bit is at least
7(1)(n—7541)/n. Therefore, condition (G1) is met with z; = 0'rqy(n—j+1)/(2n).
We remark that if the algorithm starts in a different quadrant this probabilities
and the number of levels m might be different. To account for this let 1 =
max{83,1 — §,a,1 — a}. By the assumptions on A condition (G3) of the Level-
Based Theorem is met. Accounting for the initial ¢* = O(1) generations and
O(\?) evaluations that may be needed to have a solution y with [|y| < an in
W+, then for some constant ¢’ > 1

Yn+1

2 n
E[T(l)} < ')\ 1)A2

n

2n 1
< )2 )\2 -
<A <n + ) g 2)

i=1

2n

/1y 2 2
<d'A (n/\ + 5/r(1)(1+1nn)> .
We note that the level-based theorem in [I8] assumes that each generation uses
O()) evaluations each generation, but this algorithm uses A2, this is accounted
here (and in following applications of the theorem) with the A? after ¢.

Starting Phase 2 we assume that the archive V has at least one solution x
with £ < fn and one with x > fn and the archive W does not have a solution y
with y > an. Hence, v1,v3 > 1/3 > 1 — -1 4 ¢ for some ¢ > L — %, wy > 1/2,

V2 V2
w1 +we = 1 and
1496
1+(1—5’)min{2 (w%—&—lewg—&—%%) —1,(1—1—\@) E}
< 1496
T1+(1-0)(1+V2)e
< 6(1+9)
S i VY

Due to the symmetry of the search space the previous and following argu-
ments also hold if Phase 2 starts with any other combination of archive popula-
tions.

As in Phase 1 we aim to use the Level-Based Theorem, but with the sequence

of levels (Af) X B%z))7 . (Aﬁ?) X Bff)) with m = n + 1. We define Aﬂpi =

A(0,n) fori € [0,n], and BY = B(an+1, an+1) and Bf_&l_i := B(max{0, an—
i}, min{n,an + i}) for i € [1,n]. This sequence of levels starts with the whole
search space and ends with a level where ||y|| = an + 1.

By the assumptions on r(g) the conditions on Lemma (7| hold for all v < ¢"/2
on all levels (A512+)1—z' X Bfﬁzlﬂ-) with ¢ € [1, n]. Therefore, conditions (G2a) and
(G2b) of the Level-Based Theorem are met with vy = §’/2.
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Similar to Phase 1 we can use z; = 6'r(1y(n —j +1)/(2n) for condition (G1),
and by the assumptions on A condition (G3) of the Level-Based Theorem is met.
Then for some constant ¢ > 1

E[T(Q)] <N n)\?+ M )
(5/7“(1)

Finally for Phase 3 by definition the archive V has at least one solution x
with & < fn and one with z > fn and the archive W has at least one solution
y with y < an and one with y > an. Hence, vy, v3, w1, w3 > 1/3, and

1496 < 6(1+9)

1+ (1—-0)(1+v2)e ™ 6+ (1-0)(2-V2)

As before we will use the Level-Based Theorem with the levels

Ag31)+17i(0, n) Bég)+17i(max {0,an —i+n}, min{n,an +1i—n}),
for i € [n,2n] and
(0) A - (0)
Ay 1_;(max {0, Bn — i}, min{n, Bn +i}) Bs, ,_;(an,an).

for i € [0,n —1].

By Lemma (1] and the assumptions on 7y (G2a) and (G2b) are met. Dif-
ferent from previous phases the algorithm not only needs to flip the correct
bit from one population, but also do not flip a bit from the other, therefore,
2j = Zjyn = 0'17(0)r(1)(n —j+1)/(2n) meets condition (G1) for all j € [1,m]. By
the assumptions on A condition (G3) of the Level-Based Theorem is met. Hence,
for some constant ¢’/ > 1

n+1

2n
Zn—j—|—1

j=1

4dn "1
< 1y 2 ) 1 2 -
<A (( n—+1)A +75’r(0)r E z)

<d'\? ((2n + 1A% +

2

") (1)

E[TC”)} <IN | @n+ DN+

Adding the runtime of the three phases and noting that A = 2(logn) and
9,0',7(1),70) > 0 are constants we obtain

B[T) = E[170] + E[T®] + B[] = O(x'n).

C.2 Lemmas and proofs of Section [6]

Lemma 3. Consider Algorithm [§ with x1,x2,y1,y2 from line [§ and x' from
line . Let € € (0,1/2) be any constant. Let A C X be any subset such that
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YY1, y2 € Y, Va1 € A, Vrz € X\ A, g(z1,91) = g(21,y2) if and only if g(z2,y1) <
9(x2,y2), and for all v’ € X\ A, Prypmus, (o (x € A) < g/6. For allt > 0, if
|P, N Al < 3(1+¢), then Pr[|Poy1 NA| > 3(14¢)] = e PO,

Proof (Proof of . Since each new predator x in generation ¢ 4+ 1 is
sampled independently and identically from the same distribution, it suffices by

a Chernoff bound to prove that Pr(z € A) < (1/2)(1 + ce) for some constant
ce(0,1).

First, we upper bound the probability that the selected search point z’ be-
longs to A. The algorithm selects 2’ € A if both x; and x5 are sampled in A, 21
is sampled in A but x5 and x3 are not, or if x5 is sampled in A but 1 and x3
are not. Let v := £|P, N A| < (1 +¢). Then

Priz' € A]=Pr[z1 € ANy € A|+Prjz1 € ANaa & ANy & A
—‘rPI‘[.’I}l ¢A/\.’L‘2 S A/\$3 ¢A}
=72 +2y(1 —)?
=72 -7 -2y)) = 8()

Note that since the function 3 is monotonically increasing in «y, and v < (1/2)(1+
g), we get

where the last inequality follows because £ < 1/2. By the law of total probability,

Prix € A]=Pr[2' € A]Pr[z € A|2' € A|+Pr(2’ € A]Pr[z € A |2’ & A]
<Prlz’ € A|+Pr(ze Al ¢ A]
1 oe

<-(1+2)+2
= s) "6

2
1 14 23¢e
2 24 )’
hence the statement follows by choosing the constant ¢ := 23/24.

Lemma 4. Consider Algorithm [§ with x1,x2,y1,y2 from line [§ and x' from
line . Let € € (0,1/2) be any constant. Let A C X be any subset such that
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Vyi,y2 € YV, Vo € A Vas € X\ A, g(z1,y1) = g(21,y2) if and only if g(x2,y1) <
g(x2,y2), and for all ' € A, Prymut, (o) (x € A) > 1= 5. For allt € N, define

X; :=|P:NA|. Then, for allt > 0, Pr I:Xt+1 > (14 §5) min{ Xy, %(1 —e)}| Xt] >
1— e 92X,

Proof (Proof of. Let v := %, and 7/ := min{y, 5(1 — £)}. Since each
new predator = in generation ¢ + 1 is sampled independently and identically
from the same distribution, it suffices by a Chernoff bound to prove that Pr(z €
A) > +/(1+ §). More precisely, X, is stochastically dominated by a binomially
distributed random variable X ~ B(\,~/(1 + §)) to which we apply Theorem
with parameter § := mLJrze'

First, we lower bound the probability that the selected search point 2’ belongs
to A, reusing the function 8 defined in the proof of Lemma In the case v/ = 7,
we have

Prlz’ € Al =~(2 —~(3 - 27))

noting that 3(y)/v is monotonically decreasing in v € (0,3/4) and v < 3(1 —¢)

27(2—;(1—6)(3—(1—5)0
7<1+8+282>

1(1+3)

7043,

V

_|_
+

In the case where 7' < v,
Prlz’ € Al =~(2—~(3-27))
noting that 3(y) is monotonically increasing in v and v > 7/
>92-903B-29))

noting that 5(v')/7’ is monotonically decreasing in ' gives as above
, 1
>/ (2 L0-oB-(1-2)

2
7’<1+525>

>7'(1+%>
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By the law of total probability,

Priz€ A]=Pr[z' € A]Prz € A|2' € A|+Pr(z’ ¢ A]Pr[z € A |2’ & A]
>Priz' € A]Prjz e A| 2’ € A]

[«
27 (145)(1-3)
V(143 (1-3))
7(”@)

For ease of notation, we will introduce the following random variables X; :=
|Pt n R()| and Y;g = |Qt N So|

/!

Phase 1 Phase 1 starts in generation to with the assumptions in Eq. (2)). (Recall
that a symmetry argument can be applied if this assumption does not hold). In a
successful Phase 1, the populations satisfy predicate £ from generation ¢y until
at least generation t7. Informally, this means that not much more than a quarter
of the predator-prey pairs belong to the first quadrant Ry x Sp.

Lemma 8. Under Assumption[3, Phase 1 with 71 = 0 and predicate & is suc-
cessful with probability at least 1 — 2re =X

Proof (Proof of JIf X; < 2(1+¢), then by Lemmaw1th parameter
A = Ry, the probability that for all t € [t2,t7], it holds Xy 4y < 5 A(14¢) is at
least 1—e~ M), By symmetry of the problem and the algorithm, if ¥; < %(1 +e),
then the probablhty that Y;41 < 3(1+¢) is at least 1 — e~?N). Furthermore,
for any ' € X'\ A,

Pr (z€eA)<1—- Pr (x=12)
z~muty (z') z~muty (z')
=1-rqo
<¢/6,

where the last inequality follows from Assumption 2} The lemma now follows by
a union bound over t; — to < 7 generations.

Phase 2 Assuming no failure in Phase 1, Phase 2 starts at generation t, with
at most 3(1 + ) predators in Ry, and at most 5 (1 + ¢) prey in Sy (predicate
&1). After generation t5 of a successful Phase 2, at least 9\ predators belong to
region Ry (predicate &).
To analyse the success probability of Phase 2, we apply Theorem [4 with the
= (1 — B)n+ 1 levels defined Vj € [m] by
j':{X . lfj—q, and B =Y (11)
RoUR;1(j) otherwise,
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(al) (a2) (a3) (ad)

(b1) (b2) (b3) (b4)

m 1-po m 1-p mw 1-m m 1-p

Fig.6: (al)—(a4): Four ways of selecting a predator in Ry U Ry during Phase 2.
(b1)—(b4): Four ways of selecting a prey in Sy U Sy during Phase 4.

These levels are illustrated in Figure [6 (al)—(a4), and satisfy the following in-
clusions Ro = Ay, CAppm1 C - CAjp1 CA; C--- CAy=4AX.

Lemma 9. Let ¢,7,6 € (0,1) be as in Definition[q If o < (1/2)(1 +¢) and

po+p=7<7 and v +¢e< 1%26, then psel(Ro U R1) > v(1496).

Proof (Proof of. Following cases (al)—(ad) in Figure@, the algorithm
selects a predator in region Rg U R; in the if: z1,29 € Ry U Ry (al), 1 € Ry,
29 € Ry and x5 € Ry (a2), ©1 € Ry, 3 € Ra, y1 € So and y2 ¢ Sy (a3),
and 1 € Ry, x2 € Ra, y1,y2 ¢ So (ad). Additionally, the cases (a2)—(a4) have
alternatives where x5 is exchanged for z; or zs and y; is exchanged for ys.
Adding all these cases we obtain,

psel(Ro U Ry) = (po +p)* +2po(1 —p — po)(1 — po) +2p(1 — p — p0)2¢0(1 — qo) + 2p(1 — p — po)(1 — go)*
> 9% +2po(1—7)* +2p(1 —7)(1 — q0)(2q0 + 1 — qo)
=" +2po(1—7)%+2p(1 —7)(1 — )

> 7%+ 2po(1 =) + 2p(1 - 7) <1 - i(l + 6)2>
=7+ 2po(1 —7)* + 2p(1 — ) (3 -5 2)
> +2(1—7) <P0(1 -7 ﬂé(l - 6))

> 7%+ 2(1 = 30) 3 (1= €)(po + )

(v 50w -9)

1 3
>7(1+2—2(’70+5))

> (1 +9).
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The next lemma provides an upper bound on the the expected time to satisfy
predicate &;.

Lemma 10. Under Assumptions[]] and[3 if Phase 1 is successful, then Phase 2
with 7 = O (nA*(1 — B) + nln(1/B)) is successful with probability at least 9/10—
e 2N,

Proof (Proof of . In the following, we let T denote the runtime until
condition & is satisfied assuming that Phase 1 was successful. We apply Theo-

rem [4] with the m = n(1 — 3) + 1 levels defined in (TI)).

We first verify condition (G2a). Since Bj;1 = Y, Pr[y € Y] = 1. Now, for
any j € [0..m — 1], suppose that |[(P; x Q:) N (Aj41 X Bji1)|| > vA% Then,
po+p=|PiNAj11|/N? =7, and by Lemma@ we have Pr [z’ € A,;11] > v(1+9).
Additionally by by Assumption 2 Pr{z € A;1; | 2" € Aj11] > 70y > (1 —6/2).
Then,

Priz € A; 1] Pry € Bji]

> Pr [l‘/ S AjJrl] Pr [.’L‘ S Aj+]_ | x e AjJrl] Pr [y S y]
21 +0)r()

> (14 6)(1— 5/2)

1 (1+8a- )

Hence, condition (G2a) is satisfied. Condition (G2b) can be shown following the
same steps but using A;, B; and .
We now prove condition (G1). Since Bj;1 =) for all j, we have

Pr [CC € Aj+1] Pr [y S Bj+1] =Pr [JC S Aj+1] .

It therefore remains to compute the probability that an offspring predator x
belongs to level A;;; assuming we already have at least yoA predators in A;.
If the selected predator z’ is in A; \ Aj41 , then z has exactly j 0-bits, and it
suffices to flip one 1-bit and no other bits to produce an offspring in A;;. If o/
already belongs to A;;1, then it suffices to flip no bits, we pessimistically assume
this does not happen. Hence, in overall, we have

Pr [’I’ € Aj+1] Z Pr [IL’/ S AJ] Pr [JL‘ € Aj+1 ‘ $/ € AJ]

> (1 4+ 0w .
n
Condition (G1) is therefore satisfied for the parameters z; = O(1 — j/n).
Finally, condition (G3) is satisfied by choosing A > clog(n) for a sufficiently
large constant c.
By Theorem [4] starting from any initial configuration, for some sufficiently
large constant ¢” and r = 1/10, the time (in terms of function evaluations) until
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|P: N Ro| > oA satisfies Pr[T > Amp] < 1/10 with

m—1

5 = O(N’m + Z 1/z;)
7=0

n(l-B)—1 n
_ 2 _
=0 | Xn(1-8)+ Z m——
7=0

0 ()\211(1 —B)+nln (g;))

=0 (Mn(1—B)+nln(1/B)).
Note that for all ' € A, by Assumption

Pr (z€d)> Pr (z=2)

z~muty (x') z~muty (z')

=T(0)
>1—¢/6
>1—¢/4,

hence the assumption of Lemma [] is satisfied.

Therefore, if X;, > oA, then by Lemma@ and a union bound, the probability
that for all t € [to, 7], it holds X; > Yo\ is at least 1 — 7e~?(}). The statement
now follows by a union bound.

Phase 3 After the next phase, we need to assure that at least %(1 — ¢) belong
to region Ry (predicate &£3). Since predators in Ry rank prey differently than
predators in R; U Ry, the diversity mechanism in the algorithm ensures that
Ry-predators quickly expand once they are discovered, as shown in Lemma [4]

Lemma 11. If Phase 2 is successful, then Phase 3 with 3 = O(1) is successful

with probability 1 — e~ %X,

Proof (Proof of . Note first that since 7y and ¢ are constants, there
exists a 73 = O(1) such that Xy,(1+ 5)™ > 3(1 —¢). Hence, by Lemma
and a union bound, for all ¢ € [t3,t7], X; > 5(1 — ) with probability at least

1— e 20,

Phase 4 If Phase 3 is successful, then Phase 4 starts with X;, > 5(1—¢). After
generation t4 of a successful Phase 4, at least g\ prey belong to region Sj.
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Note that the analysis of Phase 4 is analogous to the analysis of Phase 2. In
Phase 4, we will consider the following levels.

L y if j =0, and
77 ] SpuUSi(j) otherwise,
The levels are illustrated in Figure [6] (b1)-(b4). Note the following inclusion in
the levels So = B,,, C By,_1 C -+~ CB]'+1 CBj C---CBy=).

Lemma 12. Let ,79,6 € (0,1) be as in Definition[3 If (1/2)(1 — ¢)
(1/2)(1 4+ €) and qo + q = 7, then for sufficiently small vy, there exists
such that pse1(So U S1) > v(1 +9).

Proof (Proof of. Following cases (b1)—(b4) in Figure@, the algorithm
selects a prey in region Sy U Sy if: yy1,y2 € So U Sy (bl), y1 € So, y2 € Se and
Y3 € S3 (b2), Y1 € S, Yo € Sy, x1 € Ry and x4 ¢ Ry <b3), and y; € S, Y, €55,
x1,22 ¢ Ro (b4). Additionally, the cases (b2)—(b4) have alternatives where yo
is exchanged for y; or y3 and z; is exchanged for z2. Adding all these cases we
obtain

<po <
ad>0

Pset(So US1) > (g0 +¢)® +290(1 — g — q0)(1 — qo)+
2(1 —q — qo)qpo(2 — 2po + po)

1 1
> 7% +2g0(1 = 7)* + 2¢(1 - 7)5(1 —¢) (2 - 5(1 + 5))
for sufficiently small &
2 2, ©
>+ 2q0(1 =) + Ja(l =)

> %+ Z(l — (0 +q))

5 3
:7(4—27+V)
>’Y<5—370>

4 2
> y(149)

where the last inequality holds for sufficiently small ~.

Lemma 13. Under Assumptions[1] and [, if Phase 3 is successful, then Phase
4 with 7, = O (n(A*(1 —a) +1In(1/a)) is successful with probability 9/10 —
Te )

Proof (Proof of . By using the symmetry between Ry and Sy, the
proof is analogous to the proof of Lemma but uses Lemma instead of

Lemma
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Phase 5 Phase 5 is analogous to Phase 3. If Phase 4 is successful, the algorithm
has obtained at least vy prey in Sy, and it is straightforward to prove that the
algorithm quickly acquires atlemmaallend least %(1 —¢) prey in Sy (predicate

Es).

Lemma 14. If Phase 4 is successful, then Phase 5 with 3 = O(1) is successful

with probability 1 — e~ %),

Proof (Proof of|[Lemma 14)). The proof is analogous to the proof of Lemma

Phase 6 If Phase 5 is successful, then Phase 6 starts with X; > 3(1 — ¢) and
Y, > %(1 — ¢). Informally, after generation tg, 7oA predators correspond to the
optimum for the predators.

To analyse the success probability of Phase 6, we apply Lemma [4] with the
levels Aj = Rl(j), Bj = 51(0)

(al) (a2) (a3) (ad)

(b1) (b2) (b3) (bd)

m 1-po m 1-p mw 1-p m 1-p

Fig.7: (al)—(ad): Four ways of selecting a predator in Ry U Ry during Phases 6
and 7. (b1)—(b4): Four ways of selecting a prey in Sp U S; during Phase 6 and 7.

Lemma 15. Let €,79,0 € (0,1) be as in Definition @ If (1/2)(1 —¢) < pg <
(1/2)(1+¢) and (1/2)(1 —¢) < qo < (1/2)(1 +€), and pg < 7o, then

R 1

Peat(F1) > —(5—2p—9), and
P 4

psel(sl) > § _ g . &
q 4 2 4

Furthermore, if € and ~yy are sufficiently small constants, there ezists a constant
6 > 0 such that

Dsel (Rl) Dsel (Sl )
p q

>1+0.
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Proof (Proof of [Lemma 15)). As illustrated in cases (al)-(ad) in Figure[7] the
algorithm selects a search point 2’ € R; in four cases (and their permutations
with respect to 1, 2, 3, y1,Y2): 1,22 € Ry (al), 1 € Ry, z2 € Ry and 3 € Ry
(a2), z1 € Ry, 2 € Ra, y1,y2 ¢ So (a3), and 21 € Ry, 22 € Ry, y1 € Sy and
y2 & So (ad) having the following probabilities,

Pset(R1) = p* + 2ppg + 2p(1 — p — po) (1 — q0)* + 2p(1 — p — po)2q0(1 — qo)
=p(p+2p3 +2(1 —p—po)(1 — q0)(1 — go + 2q0))
=p(p+2p5 +2(1 —p—po)(1 — q3))

Using the assumptions on py and gy, we obtain

l)%lz(le)Zp—i-i(l—s)z-i-Q( —p—;(l—f—&‘)) (1—i(1+€)2)
>p—|—;(1—2€)+2<;_p_;) Ci—;—i)
:Z—g+]§+pe+§+§—%
5 9
S
>Z—g—3s.

Analogously to psel(R1), we have

psel(S1) = ¢* + 2q03 +2¢(1 — ¢ — go)pE + 2q(1 — ¢ — q0)2p0(1 — po)
=q(q+2¢5 +2(1 — ¢ — qo)po(po + 2(1 — po))
=q(q+2q5 +2(1 —q—qo0)po(2 — po))

Applying the assumptions on py and qg, we obtain

qu i(ls)2+2<1q;(1+5)) %(1*5) (2;(1+5)>

5 q qe? ed 52 1le
=S _ I _ T 9 4= =
12 g et T
5 q 1le
“1 271
5 ¢

For the rest of the proof, we can assume without loss of generality that ¢ < p,
since they contribute equally to 2 Sel;Rl) and 2 Se‘ésl) respectively. We therefore
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have ¢? < pg < 7y so ¢ < /7. Furthermore, since py > %(1 —¢), we must also
have p < 1(1 + ¢). This now gives

The last inequality holds for a suitable choice of € and g

Lemma 16. Under Assumptions[1] and[3 if Phase 5 is successful, then Phase
6 with 7¢ = O(nA2(1 — B) + nIn(1/B)) is successful with probability 9/10.

Proof (Proof of. The proof uses Theorem analogously to Lemma
In particular, Conditions (G2a) and (G2b) are satisfied due to Lemma[I5 Given

that the algorithm is at the current level j Condition (G1) can be satisfied for
the parameters

n—i

J
zj > 7o(1 +9) (n) T(0)T(1)»

corresponding to the probability of selecting a predator-prey pair (z/,3’) in
Ri1(j) x 51(0) (which probability can be bounded using Lemma [15]), not flip-
ping any bit in the prey, and flipping at most one 1-bit in the predator.

Phase 7 If Phase 6 is successful, then the final Phase 7 begins with | PN Ry (n(1—
B) — 1)| > vA. In a successful Phase 7, the optimum is found in generation t7.

To obtain a lower bound on the success probability in Phase 7, we apply
Theorem [ with the levels

Aj = Rl(n(l - 6) - 1) Bj = Sl(]) (13)

Lemma 17. Under Assumptions[1] and[3 if Phase 6 is successful, then Phase
7 with 77 = O ((1 —a)nA\? + nln(l/a)) is successful with probability 9/10.

levels defined in

Proof (Proof of. We apply Theorem [4] with the m = n(1l —a) + 1
([13).
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We first verify condition (G2a). For any j € [0..m — 1], suppose that (P; X
Q:) N (Aj11 X Bjy1) > yA% Then, pg = v, and by Lemma we have

Prz € Axj]Prly € B>ji]

>Prlz’ € Asj|Prlz € Asji |2/ € Asji]
‘Pr[y’ € B>j11]Prly € B>ji1 |y € Bxji]

>y(1+ 5)7‘(20)

>y(146)(1—4/2)

(1+80-9).

Hence, condition (G2a) is satisfied. Condition (G2b) can be shown similarly.

We now prove condition (G1). Assume that there exist at least yoA pairs in
Aj x Bj as assumed by Theorem [d} We need to lower bound the probabilities of
producing a predator in A, and a prey in Bj44. Since A;11 = Ri(n(1—5)—1)
for all j, it suffices for the first probability to estimate the probability of selecting
a predator in A; and not flipping any bits. The probability of this event is at
least

Priz e Aj1] > Pr [m’ € Agl)} Pr {x € Aﬁ)l |2’ € Ag-l)}
= psel(Rl)r(O) .

We now compute the probability that an offspring prey y belongs to level
Bj 1. If the selected prey v’ is in B; \ Bj41 , then y has exactly n—j 0-bits, and
it suffices to flip one 0-bit and no other bits to produce an offspring in B;;. If
y" already belongs to Bj11, then it suffices to flip no bits. Hence, in overall, we
have

Pr [y S Bj+1} > psel(Sl)Pr [Jf € Bj+1 | z' € BJ]
> pser(S1)(n — J)r)-

In overall, we have
Pr [.’E c Aj+1] Pr [y S Bj+1] > psel(Rl)psel(Sl)(n - j)r(O)T(l)

by Lemma

> (1 + 5)’}/0 (Tln]) T(O)T(l) = Zy.
Condition (G1) is therefore satisfied for the parameters z; = O(1 — j/n).
Finally, condition (G3) is satisfied by choosing A > clog(n) for a sufficiently
large constant c.
By Theorem [4] with » = 10 and a sufficiently large constant ¢”, the time T
(in function evaluations) until P; x Q; N (S1(n(1 — B)) x Ri(an)) # 0 satisfies
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Pr [T > Ar7] < 1/10 where

m—1
=0 | Nm+ Z 1/z;
§=0

n(l—a)
=0 | N¥m+ >

=0
=0 ((1 - a)nA* +nln(1/a))

Theorem 2. For all an,Bn ¢ Z, Algorithm [] with parameter satisfying As-
sumption@ has expected runtime O(nA>—nAIn(aB(1—B)(1—a))) on BILINEAR, g.

Proof (Proof of . Under Assumption |1, the statement follows from
Lemmas and In particular, each era lasts 7 = 23:1 T, =

O((2—a—B)nA*+nln(1/(apf))) generations and is successful with probability
£2(1). Hence, a successful era occurs in expectation after O(1) eras, or equiva-
lently, after O(A7) evaluations of the payoff function.

We now consider the case that Assumption [I] does not hold. In the case of
the “rotated” assumption |P, N Ro| > (1 +¢) and |Qy, N So| > 5(1 +¢), it
suffices to consider the predicates

E(P, Q) := A < |PN(R1URy)|
£(P.Q) = 2(1-2) < [P (R1URy)|
E4(P, Q) := v\ < [P N (S1US,)
£(P.Q) = 2(1-2) <[P (5US)

&(P,Q) == %(1 —£) <1QN Si(an —1)|
E(P,Q) =3z € P,y € Q,|z|| = Bn Ayl = an

An equivalent analysis shows that the era in this case lasts 7 = O((8 + 1 —
a)nA? +nIn(1/(a(1 — B))) generations and is successful with probability £2(1).
The overall runtime now follows by considering all rotations of Assumption



